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. Human mind is a residence of different concepts;- -
1deas, conjectures, hypotheses, information etc., and if these
residents attract the attention of someone’s mind, it
becomes his  belief. So belief can be considered’ as the
mnclination of someone’s mind towards truth or untruth of
these residents or it can be considered as the acceptance of
someone’s mind about truth or untruth of the residents. It i
a state of human mind that depends on evidence. More
evidence someone acquires in favour of a resident of his
mind, more will be his strength of belief in the resident.

Belief in Allah is the first and foremost principle in
Islam and the Holy Qur“an cites various signs (evidences),
for those who understand:

Most surely in this, there are signs Jor people who
understand
(Ar-rad:4)
Surely in the making of the heavens and earth, And the
alternation of the night and the day, There are signs for
people of understanding
(Al-e-Imran:190)

and the consequence of this belief are various other
beliefs:

*Astt. Prof. (Computer Science), Sheikh Zayed Islamic Centre
University of Karachi
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O’ ye who believe!
" = Believe in God, = A
.. And His Messenger, AT
- And the Book, which He has caused to be sent down
upon His Messenge_r, ST
And the Books, which He has sent down before,
And he, who chooses to disbelieve in God,
And His Messenger spirits,
And His Books, '
And His Messengers,
And the Future Day,
Has than indeed, lost by a long-losing (Way)
(An-Nisd:136)

2. Quantification of Belief

Belief is subjective i.e. different persons with the same
set of evidences acquire different degrees of belief.
Although it is not easy to quantify belief, but in many
situations, like if someone is going to computerize his
knowledge about belief, it is necessary to do so. The
Bayesian theory of estimation and the Dempster-Shafer
theory of evidence are some of the approaches to estimate
it. Even if a person’s degree of belief is subjective, there are
many situations where, in addition to subjective approach, it
can be objectively treated alike probability of an event that
may be interpreted by subjective as well as objective
approaches, e.g. in a situation, like throwing a pair of dice,
the belief can be supported objectively while in other
situations, such as predicting the price of gold for future,
any probability used is an essentially subjective.
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"'v_?“The Classwal or A pncm Deﬁmtlon of Pr(ababﬂﬂy” Whlch.
is an ob}ectwe approac’h sqys

ff

' If a mndam experlment can produc‘e 7 muz‘uaily
exclusive and equai’ly likely outcomes and if m out of z‘hese;
outcomes are considered Javourgble to the occurrence of a
certain event A, z‘hen the probabzlzty of the event 4 is

defined as the ratio -
n

“The Relative Frequency or A Posteriori Definition of
Probability”, which is also an objective approach says:

If a random experiment is repeaz‘ea’ as a large number
of times, say n, under identical conditions and if an event A
is observed fo occur m times, then the probability of the

event A is defined as the limit of the relative frequency L
n
as n tends to infinity. Symbolically, we write
m
P(A)=im

H—»c0

According to the “Subjective or Personalistic Probability”
approach, probability may be defines as a measure of the
degree of confidence or belief that a particular individual
has in the occurrence of an event A. Probability in this
sense is purely subjective and is based on whatever
evidence is available to the individual. The subjective
probability has a disadvantage that two or more persons
faced with the same evidence may arrive at different
probabilities.

L



} Modei"f'h, Thicories of ‘Evidence and the Concept of Belief in Islamic Perspective

‘ ',.'}-j"rijﬂ_The‘-.-BaYESi_an' approach of estimation is a subjective
“approach. This « approach  combines sample information
- with other ayailable prior information that may.appear to be
_pertinént. These information(evidenices) estimate. subjective

" probabilities which are numerical . measures of -epistemic

belicf. A person uses his own experience and knowledge as
the basis for arriving at these probabilities. ..~ '

Let events H and H form a partition of a sample space
Si.e. Hand Hare mutually exclusive events and H W H= S

then Baye’s theorem is expressed as

H

E
P(H)P(—)
P(E) —_ H

P(E)
where, P (E) =P (H) .P(%) +P (H) -P(%)

The interpretation of various factors in Baye’s theorem
may be given as follows:

P (H): Prior probability of a hypothesis.

P(T}_EI—): Probability of evidence, given the hypothesis.

P (E): Probability of evidence.

P( %) . Probability of evidence, given the negation of the
hypothesis.

P(%) Posterior probability of hypothesis given the

evidence.
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L The pnor probablhty of negatlon g,f the\hypothems H fsa;_"
JEE e PE)=1LRE) .
and the sttermr prebablhty for, the _negatlon. of the-
-hypothesls usmg Baye srule can be obtained: as F oL
“H " P(H). P(——)

G

o
Let’s now examine a problem where Baye’s rule can be
used most appropriately to determine the posterior

probability associated with the hypothesis, if the evidence is
given.

Suppose an urn contains four balls, which are known
to be either (i) all white or (ii) two white and two black. A
ball is drawn at random and is found to be white. Here, we

have two hypotheses H and H and an evidence E, where

H: all the balls are white.

H: two balls are white and two are black (i.e. all the balls
are not white) -
E: a ball drawn is found to be white,

Now before the ball is drawn, the probabilities of H and

Hie. P (H) =P (H) = %, which are prior probabilities and

are the initial degrees of belief, before receiving any
evidence.

. E
since P(—)= 1 and
H

E. 1
w7
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E

o f (E) () (H) ( ),, (H)
2722 2 4 4
' 3 T
or P(E) = —
r P(E) 2
Therefore, the posterior probabilities are:
E 1
P(H).P(=) —.1
py= H 2 1.2 2 g
E P(E) 3 233
4
= E 11
P(E)zP(H).P(E—)_E.E et
E P(E) 3 43 3
4

Which are the degrees of belief after receiving evidence.
So the person who draws the ball and arrives at these
probabilities, prefers the first hypothesis i.e. all the balls are

white as it has larger posterior probability.

Now suppose, the person places the ball back into the
urn and another person draws a ball, which is black. So here

E: ball drawn is black.

E —
P(__)_ 0

E ,1
P(__)_

P (E)=P (H).P(g) + P(H ).P(%
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Which are the degrees of belief of the second person
after receiving evidence. The second person, therefore,
totally rejects the first hypothesis and accepts the second
one with 100 percent certainty, i.e. he believes that the um
contains two white and two black balls.

3. Influence of Evidence on Belief

Posterior probability of a hypothesis depends on
evidence. The prior probability of the hypothesis H in the
“black and white balls” problem (section 2) increases for
the first person with the evidence that the ball drawn is
white while it decreases for the second person with the
evidence that the ball drawn is black. In general:

1) posterior probability of a hypothesis < prior
probability of the hypothesis or

2) posterior probability of a hypothesis = prior
probability of the hypothesis or




. Mddex‘r; Theories of Evidence and the Concept of,B'el_iéf in'Islamic'Perspect'ive :

- 3) pogteri,or pir;zibabi]ify ofa h‘ypot_he's_lis‘_ >prior
probability of the hypothesis ' :

5
Zoa-

- -A measure that: explains the degiee to which the
* observation of eviderice E influences the prior probability of
hypothesis H is known as level of sufficiency (LS). It is a
ratio (likelihood ratio) of the probability of evidence, given
the hypothesis H to the probability of evidence, given the
complement of the hypothesis. i.e.

There is another measure, level of necessity (LN), which
represents the degree to which the observation of
complement of the evidence E i.c. E influences the prior
probability of the hypothesis H. It is a ratio of the
probability of E, given the hypothesis H to the probability
of E, given the complement of the hypothesis. 1.¢c.

P

BT

P( ﬁ)
The values of both the level of sufficiency and the level of
necessity lie in the interval (0,oc) and they may be divided
into three categories i.e. less than, equal to or greater than 1.
Now:

1) if LS <1 then LN > 1 and the posterior probability <
prior probability (i.e. LS <1 indicates that the
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observatlon of E tends 1o conﬁrm the nega‘uon of the,‘

hypothesm H Wthh is H)

. 2) ifLS=1then LN =1 and the posterlor probablllty {- ‘

‘prior probablllty

3) if LS > 1 then LN <1 and the postenor probability >
prior probability (i.e. LS > 1 indicates that the
observation of E tends to confirm the hypothesis H )

- Let’s reshape the “ black and white balls” problem in the

form

H: m white and n black balls.
H : p white and q black balls.

E: a ball drawn is white.

E: ball drawn is not a white ball (i.e. it is black).

Then
1
P(H)= ~
(H) 5
p(H)=1
2
m
P =_—
(= ) —
p E -_P
H ptq
E. n
p(=y=11_
e
P(£)= 4 and therefore
H P q
+
(1) P( ) - mptq)

. 2mp+mq+np
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| q(rfi*%n)

® H— m
) LS‘ m(ptq)
p(mtn)

(@) 1N = 2Er

q(m+n)
The figurel is formed withm + n=p + q=4.It depicts how
E and E influence the prior probabilities P(H) and P(H)
respectively
The two hypotheses H and H are identical for the rows
1,7,13,19, and 25 where m = p and n = g, 1.e. there exists a
smgle hypothesis in those cases. Moreover, for the row 1,

P(E-) is undefined as in this case the hypothesis H is “the

urn contains 0 white and 4 black balls”
and the evidence E is “the ball drawn is white” which is

inconsistent. Similarly, for the row 25, P(%) is undefined

as in this case there are 4 white and 0 black balls in the urn
and the

ball drawn is black which is also inconsistent. For the
remaining rows of identical hypotheses, i.e. row 7, 13, and
19, the two posterior probabilities should be added together

10
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Figure 1: Influence of E and E on the prior probabilities
P(H) and P(H ) respectively.
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fo get P(%) _ p(%: 0.5 +0.5 =1. The value of P(%) in

rows 2,3, 4, and 5 is 1, where as P(%)'=‘1—P(%)= 0,

indicating that the evidence of receiving a white ball, totally
rejects the second hypothesis (the urn contains 0 white and
4 black balls) and accepts the first one (there is at least one
white ball) with 100% certainty.

4. Categories of Belief
Allah says in the Holy Qur’an:

“O ye who believe! Avoid presumption in most cases, for
surely presumption in some  cases is a sin”

(Al-Hijarat: 12)

The word presumption is the translation of the
Arabic word zann. It is first to know what is zann, together
with its vicinal.

Whenever a concept, information, a hypothesis, an
idea etc. appears into someone’s mind, the mind either
inclines towards its truth or untruth, or it does not.
1) If the mind does not incline towards its truth or
untruth then it is takhay 'yl (imagination).  (see
figure 2)

2) If the mind inclines towards either side i.c. either
towards its truth or towards its untruth and the
inclination is:

12
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2.1) against the fact and invariant then it is yaqin-
' e-kazib : '
or jehl-e-murak kab (gross ignorance).
2.2) in favour of or against the fact but variant
then itis taglid (conformity)
2.3) in favour of the fact and invariant then it is
yaqin-e-sadiq (sound assurance).
3) If the mind inclines both towards its truth and
untruth and the inclination is
3.1) same towards both sides then it is shak
(doubt).
3.2) different for each side then the side where it
is
3.2.1) lesser is the side of wahm
(hallucination).
3.2.2) greater is the side of zann
(presumption).

13
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- takhay 'yial (imagination)
2.1 yaqin-e-kazib or jehl-e-murak ‘kab
(gross ignorance)
A concept,
information,
a hypothesis,
an idea etc., 2 2.2 taqlid (conformity)
that appears
into someone’s
mind
23 yaqin-e-sadig (sound assurance)
3.1 shak (doubt)
3
3.2.1 wahm (hallucination)
3.2

3.2.2 zann (presumption)

Figure 2: Different categories of belief.

14
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The terms, which are shown in the tree diagram, can
be described in another way as  follow: - .
1) 'If degree of belief (for each of the truth or
“ untruth) = 0% then the idea or concept is
takhay yil. (see figure 3)
2) If 0% < degree of belief (for either) <
50%, then it 1s wahm.

1 takhay yal
2 wahm
3 shak
A concept;
information,
a hypothesis, 4 zann
an idez etc.,
that appears
into someone’s
mind
51 yaqin-e-sadiq
5 52 yagqin-e-kazib or jehl-e-murak kab
5.3 taqlid

Figure 3: Different categories of belief (another
approach).

15
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3. If degree of bellef (for each) 50%, then~. e
it is shak. ' .
- 4) If 50% < degree of behef (for either) <:
- " 100%, then it is zann.
5). If degree of belief (for elther) =100%,
. ~~then it is yaqin (assurance).
Moreover: 5

5.1) yagin in favour of a fact and
invariant is yaqin-e-sadiq,

5.2) yagin against the fact and invariant ~
is yaqin-e-kazib or jehl-e-urak’kab,
and

5.3) yagin in favour of or against the
fact but variant is taqlid.

Initially it is wahm that appears into someone’s
mind, if an apparent indication is observed. This wahm,
which is idtirari (out of control), is not a sin. Now this
wahm is either necessary or unnecessary wahm. A wahm,
which is required to explore whether it is true or not, is
necessary e.g., parents of someone find certain apparent
indications in the behaviour of their child and feel that
something is going wrong or a police officer is going to
investigate, when he observes certain indications that
something is going wrong, etc. are of this category. Besides
these, there are so many others, which belong to the
category of unnecessary wahm. If the wahm is unnecessary,
it should be thrown out of mind, other wise it grows up, first
converts into shek and finally into zamn. This zann is
ikh tiar7 (under control). It is a sin and is ordered to avoid.
The necessary wahm when grows up, converts into such
kind of zann which is not a sin, although 1t is ikh tiart too,

16
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~-and is not to be avoided necessarily but for the sake of
caution, some of these lawful zann are also to-be avoided.
- Note that the Holy Qur’sn says. “presumption in. some
cases is a sin”’. It does not say that it is a sin in all cases i.e.
it is not Aaram (unlawful) in all cases. It is also to be noted
that although presumption in some cases is a sin, but
according to the Holy Qur’an, “Avoid presumption in most
cases”. This is due to the fact that some cases of
- presumptions, which are haram and are sin, together with
some ghair-haram (lawful) cases, which are not sin, form
the “most cases”. Moreover it is tajassiis (curiosity) that
supports the conversion of a wakm into a zann and the Holy
Qur’an says” [a tajassasii” (don’t spy). It is that tajassus
which converts unnecessary wahm into unnecessary zann.
In other cases, presumption falls into other categories of
deeds i.e., it is either fard (obligatory), wajib (unavoidable),
miis tahab (desirable), mabah (permissible), makrooh-e-
tanzihi (abominable), makrooh-e-tahrimi (unallowable) or
haram (unlaw ful),

5. The structure of Ahkam-e-Shari*ah

The din-e-Islam is basically consists of ‘aqd’id and a‘mal.
A‘mal are sub divided into akhlag, mi ‘amalat, mii‘asharat .
and ibadar. These a‘mal are fard, wajib, mis tahab,
miibdh, makrooh-e-tanzihi, makrooh-e-tahrimi or haram
and are categorized according to those which are ordered by
Allah or which are prohibited. Although there are 22=4
cases:

1. ordered by Allah

2. neither ordered nor prohibited and is therefore

permissible

17
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]

3. prohibited by Allah

4 ordered by Allah as well as prohibited,
- but the fourth case is logically impossible.

Case#1 can further be divided into that, which is- deduced
or established by:

1.1. dalil-e-qat‘7 (definitive evidence)

1.2. dalil-e-zanni (conjectural or presumptive
evidence)

The deed, which is according to case#1.1 is fard .
(obligatory), while the other which is according to case#1.2
is wajib (unavoidable).  (see figure 4)

Case#2 can further be divided into:

2.1 likeable

2 2 peither likeable nor dislikeable but are neutral

2.3 dislikeable

The deed, which is according to:

case#2.1 is miis tahab (desirable)

case#2.2 is miibah (permissible)

case#2.3 is makrooh-e-tanzihi (abominable).
Case#3 can further be divided into that:

3 1. which is deduced or established by dalil-e-zanni
only or which is although deduced by dalil-e-qat‘t
but is ghair-muttafaq-un- alaih.

3.9 which is not only deduced or established by dalil-
e-gat‘i but is also muttafag-un- alaih

The deed, which is according to case#3.1, is makrooh-e-
tahrimi (unallowable) while the other, which is according to
case#3.2,is haram (unlawful).

18
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1L fard (obligatory'x

1
1.2 wcijib (unavoidable)
2.1 miis tahab (desirable)
deed 2 2.2 mabah (permissible)
| 2.3 makrooh-e-tanzihi (abominable)
3.1 makrooh-e-tahrimt (unallowable)
3

3.2  haram (unlawful)

Figure 4: Categories of deed.

19
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6. Dempster-Shafer Theory of Evidence

The use;of Baye’s rule for ‘manipulation of measures -

of belief ‘is -often regarded. -as " inappropriate. Treating

_ probability as d measure of belief; the law of additivity for a
hypothesis and, its complement is one of the drawbacks of
the Bayesian model. Belief measures should not have to
consider exactly same as probabilities, for instance, the sum
of probabilities of the hypothesis H and its complement
H discussed in the “black and white balls” problem (section
2),P(H)+P (H) = 1, whereas the sum of beliefs, on the
other hand, Bel (H) + Bel (~H) < 1. This is so because
belief depends on evidence. In the absence of an evidence
for a hypothesis H and for its negation ~H, the sum Bel (H)
+ Bel (~H) = 0 and in other cases, this sum lies in the
interval (0,1]

Another drawback of the Bayesian model is that
according to it, a hypothesis is assigned a single value,
which may be not correct. Furthermore, there is no way to
differentiate between ignorance and uncertainty in the
Bayesian model.

The Dempster-Shafer theory of evidence provides an
alternative, more general, model for the assessment of
numerical degree of belief. It can be “considered an
extension of the Bayesian approach. It is a well-known
procedure for reasoning with uncertainty in Artificial
Intelligence™.

* A branch of computer science. It is the structured development of
theory, methodology, and physical system that enable computer and
robots to perform tasks that historically have been judged to lie within the
domain of intelligence.

20



. Modern Theories of Evidence:and‘th'e‘: "Cohcept of Belief in Islﬁﬁﬁé Perspecii

, It dlstmgulshes bt—:tween uncertamt;m and ignorance
' .‘-by creatmg belief functions. Belief functlons allow us to use
our knowledge to bind the assignment of probabzlltles when -
these may be unavailable. %
According to figure #4, some acts or deeds fall into -
the category of ghair-haram and the remaining into the
category of haram. We recognize some of the ghair-haram
deeds as a ghair-haram and some of the haram-as a haram.
The remaining of ghair-haram and haram, for which we
haven’t any knowledge, fall into gray area i.e. we have
ignorance or lack of information for such type. The ghair-
haram can be sub categorized into miis tahab, mibdih,
makrooh-e-tanzihi etc., and there are so many gray areas
exist there. The Dernpster—Shafer theory can be applied in
such areas. The theory can be used to attempt to convert
those gray areas either into black or into white.

This approach is especially appropriate for combining
expert opinion, since experts do differ in their opinion with
a certain degree of ignorance and, in many situations, at
least some epistemic information (i.e., one that was
constructed from vague perceptions).

The Dempster-Shafer theory provides a model for
the assessment of numerical degree of belief. This approach
can be used to handle epistemic information as well as
ignorance or lack of information. It considers sets of
propositions and assigns to each of them an interval

[Belief, Plausibility]

which contains the information about the degree of

belief in a set of propositions. Belief measures the strength

21
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of evidence ingfavour of set of propositions. It ranges from- =~

0%(indicating glo evidence) to 100%‘ (denoting certainty)

Plausibility is defined tobe -
‘ * Plausibility () = 1 - Belief (~H)

It also ranges from 0% to 100% and measures the extent to
which evidence in favour of ~H leaves room for belief in H. The
belief-plausibility interval [Belief, Plausibility] measurcs not
only our level of belief in some propositions, but also the amount
of information we have.

<«———belief against the hypothesis
1 0

«— Bel(H) *(i ignorance-a4—Bel(~H)*‘

«———— PI(H) ——»

0 1

belief in a hypothesis ———

Figure 5: Belief, plausibility and ignorance.

The strategy followed in the Dempster-Shafer theory
for dealing with uncertainty roughly amounts to starting
with an initial set of hypotheses, then for ecach piece of
evidence associating a measure of uncertainty with certain
subsets of the original set of hypotheses until measures of
uncertainty may be associated with all possible subsets on
account of the combined evidence. The initial set of all
hypotheses in the problem domain is called the frame of
discernment. In such a frame of discernment the individual
hypotheses are assumed to be disjoint. The impact of a
piece of evidence on the confidence or belief in certain

22
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" “subsets of a given frame of discerlnmér‘i‘tv i_g;‘(‘?fc‘iﬁeécribed'by
- _mieans of a function which is defined below.%{,_

. ’ :f .
Let® bea frame of'discernment. If with each subset X
< ® a number m (X) is associated such that: 7 . L

(1) 0 < mi(X) < 1

@Qm@)=0
3 Y mX)=1
Xco

then m is called a basic probability assignment or simply
bpa on ©.For each subset X @, the number m(X) is called
the basic probability number of X.

A probability number m(X) expresses the confidence or
belief assigned to precisely the set X; it does not express
any belief in subsets of X. It will be evident, however, that
the total confidence in X is not only dependent on the
confidence in X itself, but also on the confidence assigned
to subsets of X,

Although there is a great resemblance between a basic
probability assignment and a probability function but in
some cases, they differ too. A probability function p
associates with each element in ® a number from the
interval [0,1] such that the sum of these numbers equals 1
ie,p: ® > [0,1]and > p(X) = 1; a basic probability

xc®

assignment m associates with each element in 2° a number
in the interval [0,1] such that once more the sum of the

numbers equal 1 ie., m: 2° > [0,1] and > mX) =1
XcH
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Moreover, bafgic pfobability assignment purely is subjective, |
that depends-on evidence. D ’ -

7. Dempster’s rule of combination

The Dempster-Shafer theory is based on two ideas:
first, the idea of obtaining degrees of belief for one question
from subjective probabilities for related questions, and
second, the use of a rule for combining these degrees of
belicf when they are based on independent items of
evidence.

Let’s suppose a deed, which is neither fard, wajib or
makrooh-e-tahrimi nor haram, is to be investigated whether
it is likeable, neither likeable nor dislikeable or it 1s
dislikeable, i.e. whether it is mits ‘tahab, mithdh, or makrooh
(makrooh-e-tanzihi)

The tree diagram of the frame of discernment, which
is a portion of figure 4, is given below:

deed (which is neither ordered nor prohibited) is

./l\

likeable then it is neither likeable nor dislikeable then it is
l dislikeable then it is
miis tahab miibih makrooh (makrooh-e-tanzihi)

Figure 6: Sub-categories of deed.
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Initially, our belief is in the whole set'® =:{miis tahab,
. mibah, makrooh} which is the frame of discef ment Each
bpa on @ assigns basic probability numbers t@t 2% =16 sets
(including the empty set)."As there is no ev1d§nce pointing
at a certain kind in particular, the Dempster—Shafer theory
assigns the basic probability number 1,which is the strength
of our belief, to the entire frame of discernment and each
proper subset of the frame of discernment gets assigned the
number O:

) 1 ifX=@
m,(x) =
0 0 otherwise

Definition: Let ® be a frame of discernment and let 7 be a
basic probability assignment on ®.A set X < @ is called a
Jocal element in m if m(X) > 0 i.e., The sets which do have a
non-zero bpa are referred to as focal elements. The core of
m is the set of all focal elements in m or the set that contains
the union of the focal elements is the core of the bpa.

So the core of my is equal to {®}. Now suppose that some
evidence has become available indicating that the deed is
not dislikeable i.e., either it is likeable (miis tahab ) oritis
neither likeable nor dislikeable (miibah); let the strength of
our belief is expressed in a number ‘a’, where 0 < a < 1.This
‘a’ is assigned to the subset {mﬁs'z‘ahab, mitbah}, and is
viewed as the composite hypothesis miis'tahab or miibah.
Because of lack of further information, the remaining
certainty ‘l-a’ is a531gned to the entire frame of
discernment; there is no number associated with the
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indi:{?i'duéla;igypdtﬁéses, bGCause more specific infcirrn-atidﬁ, S
indicating .which of the two kinds of deed is it, is mot -
available. % . ' :

. Fora=0.2:

_ 0.8if X=0 .
m(x)= 10.2if X = {mus'tahab, mibah}
0 otherwise

The set {miis tahab, miibah} is an element of the core of m,.
Now suppose that we have furthermore obtained some
evidence against the hypothesis that the kind of the deed 13
miibah. This information can be considered as support for
the hypothesis that the kind is not mubah. This latter
hypothesis is equivalent to the composite hypothesis
miis tahab or makrooh. In consequence of this evidence, we
therefore assign a basic probability number, for example
0.9, to the set {miis ‘tahab, makrooh}:

0.1if X=0
my(x) = 40.9if X ={mus'tahab, makrooh}

0 otherwise
The Dempster-Shafer theory provides a function for
computing from two pieces of evidence and their associated
basic probability assignment a new basic probability
assignment describing the combined influence of these

pieces of evidence. This Function is known as Dempster's
rule of combination.

Definition: {Dempster's rule of combination}: Let ® be a
frame of discernment, and let m; and m; be basic
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probability aSSIgnments 'on ®. Then, mI@mg, known as
orthogonal sum; is a function o .
m;®m;: 2%, [0,1] such that:

(1) m®&my(X)=0, for X:® and

> mi(Y) m2(2)
= _YnZ=X
(2) m®m,(X o Z ol (V) m2Z) for all X = &, where

YNZ=

> mi(Y)m2(Z), present in the denominator, is the
YnZ=J

‘weight of conflict’ and the
denominatorl- >  ml(Y)m2(Z) itself is the ‘normalization
YNZ=

coefficient’ or the ‘scaling factor’. Now:

(a) If there is no conflict between the two evidences then
Y} mi(Y) m2(2)is zero and
YNZ=@
the normalization coefficient will become 1
(b) If there is a partial conflict between the two evidences
then 0< 3 mil(Y)m2(Z)<1
YNZ=F

and therefore 0 <1- > ml(Y)m2(Z) < 1 ( note in both

Y=
of the cases (a) and (b), the weight of conflict is less
than unity and therefore for each of the cases, the
orthogonal sum is well defined)
(c) If there is a total conflict between the two evidences then
> ml(Y)m2(Z)=1 and

YZ=
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the nonnahzahon coefﬁ01ent will become Zero, leavmg the
comblnatloﬁ of contradictory evidence undeﬁned ( m;. and:
m, in such ¢ase is ‘flatly contradictory’ ) ‘

_The two results of basic probability a331gnments obtamed
from the two different evidences are summarized below:"
(0.8if X=©

my(x)= {0.2if X ={mis'tahab, mubah}

|0 otherwise

0.1if X=©
my(x) = 10.9if X = { mus'tahab, makrooh}
LO otherwise

From applying Dempster's rule of combination, we obtain a
new basic probability assignment m;®m;, describing the
combined effect of m; and m,. The basic principle of this
rule is demonstrated in Figure 7; such a figure is called an
intersection tableau. In front of each row of the intersection
tableau a subset of the frame of discernment and the basic
probability number assigned to it by the basic probability
assignment m, are specified. The figure shows only those
subsets having a basic probability number not equal to zero.
Above the columns of the intersection tableau all subsets of
® are specified again, but this time with their basic
probability numbers according to m,. The crossing of a row
and a column now contains the intersection of the sets
associated with the row and

column concerned, and specifies the product of the two
basic probability numbers associated with these sets. So, at
the crossing of the row corresponding with the set
{miis tahab, mibah } having the basic probability number
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0.2, and the column correspondlng w1th the set. { mys tahab -
makrooh } with the-basic probability number (};9 we find
- the set. { miis tahab } wlth the number 0.18. ’*“ :

fimis tahab,makrooh] K (a'

mg 0.9) (0.)
{miis tahab, { miis'tahab } * .| { mis tahab,
mibah } - (0.18) | miihah }
(0.2) L (0.02)
0] {miis tahab, makrooh } ®
(0.8) o 072 L (0.08)

Figure7: Intersection tableau for my; and my.

Now observe that the set {miis tahab}is also present at
other places in the tableau since there are various
possibilities for choosing two sets X, Y © such that X N
Y = {miis'tahab }. Dempster's rule of combination now
sums all basic probability numbers assigned to the set
{miis tahab}. The result of this computation is the basic
probability number assigned by the orthogonal sum m;®&m,
to that specific set. The intersection tableau in Figure 7
shows all sets having a probability number not equal to
zero. So we have obtained the following probability
assignment:

0.08if X=0 :

0.18if X ={ mus'tahab}

m@m(X)= {0.02if X = { mustahab , mubah }

0.72if X ={mus’tahab, makrooh }

|0 otherwise
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However in computmg the comb1nat1on of the two basw -
probabrhty assignments, as demonstrated above we. may'
encounter a problern ' :

,Cohsider m; once more and the basic probablhty
asmgnrnent m; defined by

0.4if X=0
ms(X) = 0.6if X = {makrooh}
0 otherwise

{makrooh ] | 2)
m; ' (0.6) 0.4)
{miis tahab, mibah } & { mils ‘tahab, mibah }
(0.2) (0.12) (0.08)
@ { makrooh } ®
(0.8) (0.48) (0.32)

Figure 8: An erroneous intersection tableau for my and ms.

The above figure (figure 8) shows an intersection tableau
which has been constructed using the same procedure as
before. However, in this erroneous intersection tableau a
basic probability assignment greater than zero has been
assigned to the empty set; we have that m;®m;($J) = 0.12.
So the function m®m; dis not a basic probability
assignment, since it does not satisfy the axiom m;®m;(J)
= 0. Dempster's rule of combination now simply sets
m,®ms(&) = 0. As a consequence, the second axiom is
violated; we now have that
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Z ml@mg,(X)

.XC@V

is less than instead of equal to 1. To remedy th1s problem .
Dempsters rule "of combination divides the remaining
numbers by the normalization coefficient
1- > ml(Y) m2(Z)
YZ= )

in this example the value of normalization coefficient is 1-
0.12 = 0.88. The correct intersection tableau for m; and ms
is depicted in figure 9.

{ makrooh } o
m; (0.6) 0.4)
Iy .
{miis tahab, miabah } %) { miis tahab, mubdh }
0.2) (0) (0.09)
2] { makrooh } ]
(0.8) (0.55) (0.36)

Figure 9: The correct intersection tableau for m; and ms;.

From figure 9, we have obtained the following probability

assignment:

0.36if X=0

m®m; (X) =

0.55if X ={ makrooh }

0.09if X = { miis'tahab , mubah }

0 otherwise
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{ makrooh E ©
1 mjy (0.6) - 0.4)
_{miis tahab,makrooh } ~ { makrooh } {mils ‘tahab,makrooh } "
(0.9) (0.54) (0.36)
0 {makrooh } e
(0.1) (0.06) (0.04)

Figure 10: Intersection tableau for myand m,

From figure 10, we have obtained the following probability
assignment:

0.04if X=0
0.6if X = {makrooh }
0.36if X ={mus'tahab, makrooh }

(0 otherwise

m®m(X)=

8. Belief function and belief interval

For a given basic probability assignment, we now
define a new function, describing the cumulative belief in a
set of hypotheses.

Let ® be a frame of discernment, and let m be a basic
probability assignment on ©. Then the belief function (or
credibility function) corresponding with m is the function
Bel: 22 — [0,1] defined by
Bel(X) = Z m(Y)
YcX
foreachX c ©.

Some properties of the belief function are:
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T (DBel(@)=0
(2 Bel®) =1 e W
' (3) 0 < Bel (X) + Bel (~X) < 1, where X is a hypothesis
- and ~X is its negation. S

 The combination of two-belief functions Bel; and Bel, i.e.,
Bel;®Bel, is the function Bel,®Bely: 2°— [0,1] defined by

Beh ® Belz(X) = Z Il’l[@]le(Y)

YcX
A belief function provides for each set X only a lower
bound to the 'actual' belief in X. It is also possible that
belief has been assigned to a set Y such that X c Y.
Therefore, in addition to the belief function the Dempster-
Shafer theory defines another function corresponding with a
basic probability assignment.

Definition: Let ® be a frame of discernment and let m be a
basic probability assignment on ©. Then the plausibility
function or upper probability function corresponding to m is
the function PI: 2° [0,1] defined by

PX)= ¥ mY)

XNY#@

foreachX c©®.
Some properties of the plausibility function are:

()PL($) =0
(2) P1(©) =1
(3) 1 <P1(X) + Pl (~X) <2

33




o e

Modern Theories of Evidence and the Concept of Belief in Islamic Perspective

" {49 PI(X) = Bel(X) oo o

He ¢pmbination of two plausibility functions Pl and Pl,
i.e.; Pl{OPL, is the function P1,®Pl,: 2°-> [0,1] defined by
I Pl @ Plz(X) = Z m 1®m2(Y)

XYz

" The function value PI(X) indicates the total confidence not
assigned to ~X, so PI(X) provides an upper bound to the

real' confidence in X. For a given basic probability

assignment m, the property

PI(X) =1 - Bel(~X)

for each X < ©, holds for the belief function Bel and the

plausibility function P1 corresponding to m. The difference

PI(X) - Bel(X) indicates the confidence in the sets Y for

which X < Y and therefore expresses the ignorance about

X.

Definition: Let © be a frame of discernment and let m be
a basic probability assignment on ©. Let Bel be the belief
function corresponding to m, and let P1 be the plausibility
function corresponding to m. For each X < ©, the closed
interval [Bel(X), PI(X)] is called the belief interval of X

9. Interpretation of Belief Interval

Belief interval can be interpreted in terms of belief in a
hypothesis, belief in negation of the hypothesis, plausibility
of the hypothesis and ignorance about the hypothesis.

Some of belief intervals with their interpretations are given
below:

Let ® be a frame of discernment, and let X < ©. Now,
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(1) If [Bel(X), Pl (X)] [0,0], then no 1nformat10'
.concerning X is’. available while infornfh
- concerning ~X is sufﬁc1ent to lead the behef q,
to 100%, 1.e., o
(a) there is no ev1dence for X and therefore
BelX)=0
(b) since. the value of PI(X) = 0, therefore
"Bel(~X) =1 — PI(X) = 1 or 100% which
shows that there is sufficient evidence against
X
() PI(X) — Bel(X) = 0, showing zero %
ignorance about X ( or 100% awareness)
(2) If [Bel(X),Pl (X)] = [0,1], then no information
concerning X or against X is available, 1.e.,
(a) there is no evidence for X and therefore
Bel(X) =0
(b) since the value of PI(X) = 1, therefore
Bel(~X) = 1 — Pi(X) = 0 which shows that
there is no evidence against X
(¢) PI(X) — Bel(X) =1 — 0 = 1, showing 100 %
1gnorance about X
(3) If [Bel(X), PIX)] = [1,1], then X has been
completely confirmed, i.e.,
(a) Bel(X) = 1 which indicates that there is
sufficient evidence to lead our belief in X to
100%
(b) since the value of PI(X) = 1, therefore
Bel(~X) = 1 — PI(X) = 0 which shows that
there 1s no evidence against X
(©) PI(X) — Bel(X) = 1 — 1 = 0, showing zero%
ignorance about X
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&

(4) Tf [Bel(X0), PI(X)] = [0.5,0.5], then 50% information
" concerning X and 50% .against X is available, i.e;,

(a) there is 50% evidence in favour of X and
therefore Bel(X) = 0.5 ‘

(b) since the value of PI(X) = 0.5, therefore
Bel(~X) = 1 — PI(X) = 0.5 which shows that
there is also an equal amount of evidence, 1.¢.
50% against X

(c) PI(X) — Bel(X) = 0.5 - 0.5 = 0, showing
zero% ignorance about X

(5) If [Bel (X), P1 (X)] = [0.2,1], then there is some
evidence in favour of the hypothesis X is available
while no information is available against X, 1.¢.,

(a) there is such an amount of evidence for X,
that causes the belief in X or Bel(X) = 0.2

(b) since the value of PI(X) = 1, therefore
Bel(~X) = 1 — 1 = 0 which shows that there 1s
no evidence against X

(c) PI(X) - Bel(X) =1-0.2=0.8, showing 80%
ignorance about X

(6) If [Bel (X), P1 (X)] = [0.3,0.8], then we have some
evidence in favour of X as well as some against X,
1.e.,

(a) there is such an amount of evidence for X,
that causes the belief in X or Bel(X) = 0.3

(b) since the value of PIX) = 0.8, therefore
Bel(~X) = 1 — 0.8 = 0.2 which shows that
there 20% evidence against X

(c) PI(X) — Bel(X) = 0.8 — 0.3 = 0.5, showing
50% ignorance about X
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- 10. Belief in Islamic Perspective |

In section 7, there are different values of basic
probability assignments from which one can determine ‘.
different values of belief and plausibility. The values of
belief and plausibility, concerning different focal elements
in m;, my, m;, m®Sm, m,®m; and m;®m; are provided
below:

Bel\({ mas ‘tahab, mabah }) = 0.2
Pl({ miis tahab, miibah }) =0.2+0.8 = |

Bely({miis ‘tahab, makrooh }) = 0.9
Ply({miis tahab, makrooh }) =09+ 0.1=1

Bels({ makrook }) = 0.6
Ply({makrooh }) = 0.6 + 0.4 = 1

Bel,® Bely(¢ mis tahab }) = 0.18
PLi® Ply({ miis tahab }) = 0.18 + 0.02 + 0.72 + 0.08 = 1

Bel\® Bely({ miis tahab, mibak }) = 0.18 + 0.02 = 0.2
PLi® Ply({ mas ‘tahab, mibah }) = 0.18 + 0.02 + 0.72 + 0.08
=1

Bel,© Bel,({mis ‘tahab, makrooh }) = 0.72 + 0.18 = 0.9
PLi® Ply({mis tahab, makrook }) = 0.18 + 0.02 + 0.72 +
0.08=1

Bel,® Bely({ makrooh }) = 0.6
PL® Pli({ makrook }) = 0.6 + 0.36 + 0.04 = 1
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Bel,® Bely({mids ‘tahab, makrooh }) = 036 +0.6 =096 L
PL® Ply(¢{miis tahab, makrooh 3) = 0.36+ 0"_6 +0.04=1 -

i.‘ Bel,® Bels({ maﬁréoh }) Z0.55
PL,@ Ply(f makrooh }) = 0.5 + 036 =0.91

Bel,® Bely({ mils tahab, mibih }) = 0.09
Pll@ P13({ mus 'tahab, mﬂb&h}) =0.09+ 0.36=0.45

Finally, above values lead to form different belief intervals
¢.g., the belief interval for

{ miis ‘tahab } is:

[Bel,® Bely ({ mis tahab }), PL® Ply({ miistahab })] =
[0.18,1]

and the belief interval for {makrooh } is:

[Bel,® Bel; (fmakrooh }), PL,@® Pls ({makrooh })] = [0.6,1]
From the two intervals, it is observed that:

Bel({ makrooh }) > Bel({ miis tahab })

The belief interval of { miis tahab } indicates that:
(a) there is such an amount of evidence in favour of {
miis tahab } that causes the
belief in { miis tahab } or Bel ({ miis tahab })=0.18
(b) since the value of PI({ mis tahab }) = 1, therefore
Bel(Not ({ miis tahab })) = 1 — PI({ miis tahab }) =0
which shows that there is no evidence against {
miis tahab }
(c) PI(X) — Bel(X)=1-0.18 = 0.82, showing 82%
ignorance about { miis ‘tahab }
Similarly, the belief interval of {makrooh } indicates that:
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(a) there is such an amount of ev1dence in faVour of
. {makrook } that causes the belief i i {makrooh } or
- Bel ({ makrooh ))=0.6

(b) since the value of Pl({makrooh })w 1, therefore
Bel(Not ({ makrooh })) = 1- PI({ makrooh D=0
which shows that there 1s no evidence against
{makrooh } "

(c)Pl(X) Bel(X) =1-0.6 = 0.4, showing 40%
ignorance about { makrooh }

These belief intervals provide different alternatives of belief
that are helpful while making a decision about how to act on
a belief.
Now, degree of belief is a function,
degree of belief: strength of evidence — [0,1]
The strength of evidence is the product of sufficient
quantity of evidence and quality of evidence; that is,
strength of evidence = sufficient quantity of evidence x
quality of evidence.
It lies in the closed interval [0,1].

The sufficient quantity of evidence and the quality of
evidence are fuzzy and therefore a degree of membership is
required for each to define.

Any increase in strength of evidence causes an increase in
degree of belief. The proportion, or fraction, of any increase
in strength of evidence, which is believed is called the
marginal propensity to believe (MPB) Or, alternatively
stated, the MPB is the ratio of an increase in degree of
belief to the increase in strength of evidence which brought
the strength of belief increase about; that is,
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MPBjé increase in degree of belief / ificrease in str_eng"[fh‘-of;'
evidence B SO RTINS ;
or,

MPB = d(degree of belief)/ d(stréhgth' of eifidénce)

It represents the slope of the linear curve (figure 11 or 12)
and typically, it is expected to be unity for a rational person.
Different persons behave differently with the strength of
evidence. Some believe a little for too much strength of
evidence while others believe too much for a little strength
of evidence.

+1 ' sound assurance
2
O
o
Q
(>
strength of evidence™

Figure 11: A linear relationship between degree of belief
and strength of evidence that leads to sound
assurance. The relationship is for authentic
evidence and it shows a rational behaviour
throughout (MPB=1 at each point)
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+1 gross ignoranée
E . [ 4
.
—(5 ;
o
B
L
] .
strength of evidence +!

Figure 12: A linear relationship between degree of belief and strength of
evidence that leads to gross ignorance. The relationship is for
unauthentic evidence, although it shows a rational behaviour

(Note: for non-linear relationships, there are so many paths to
reach the sound assurance or gross ignorance)

The behaviour of a person at a point is either rational or
irrational. The behaviour is rational if MPB =1 at that point
while for MPB # 1, his behaviour is either credulity
(stir ‘at-iil-e tigadi) or incredulity (bitoo -al-e ‘tigadi). A
person with MPB <1,0n some interval, is incredulous (basi -
il-e ‘tigad) at that interval i.e. he believes a little for too
much strength of evidence in the interval while a person
with MPB >1, on some interval, is credulous (sarf‘-il-
e ‘tigad) at that interval i.e. he believes too much for a little
strength of evidence in the interval.

Although belief depends on evidence but evidence is also

needed to believe, i.e. belief and evidence are implicit
functions. This is so, because evidence may be either
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authentic or unauthentic. If certain evidence supports a truth

or is.against an untruth then it is: authentic. On the other'

hand, if it supports an untruth or is against a truth -then it'is

unauthentic. Authentic evidence, with 100% strength, leads .
to sound assurance, provided the confidence in the evidence

* is 100% and is invariant. - ‘ o

Unauthentic evidence with 100% strength leads to gross '
ignorance provided the confidence in the evidence is 100%
and is invariant,

Authentic or unauthentic evidence with 100% strength leads
to conformity provided the confidence in the evidence is
100% but variant.

Since belief depends on evidence, therefore the belief
interval
[Bel(H), PI(H)] (see figure 13)

may vary when some more evidence is received, that causes
an increase in Bel(H). But the interval may also vary in the
sense that Bel(H) may reduce. This is so because if some of
the evidences in favour of H, among those that are used to
form the given interval, is unauthentic and when someone
comes to know the fact about such evidences, his belief in
H reduces and therefore in consequence, the ignorance,
PI1(H)-Bel(H), reduces.

Similarly, if some of the evidences against H, among those
that are used to form the given interval, is unauthentic and
when he comes to know the fact about such evidences, his
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belief in" ~H rteduces and therefore in consequenée, the
plausibility, 1-Bel(~H), reduces.

- strength of evidence against the propositio

: 8-

g 1, — 09
'g vt T Cec
]

=3 Bel(~H) &,
B | &
= B
= ignoydnce Og
oy -
= PI(H) =
é =
o BeliH) =3
E o -2
= 0 —_ 1 2.
g.

strength of evidence in favour of a proposition

Figure 13: A linear relationship between “strength of evidence’ and ‘belief
together with plausibility and ignorance’

Mithaddisin dealt ‘strength of evidence’ very carefully
while confirming the authenticity of a narration. This was
so as they were very cautious about ‘quality of evidence’ (
sahih, hasan, za‘lf, mau'zoo* etc. ) as well as about
‘quantity of evidence’ (mitawitar, mashhoor, ‘aziz, gharib
etc.)
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Their belief inte_r__val 18 givén by: B S
[Bel(H),P1(H)] = [a,1], where 0. 5 <a <1 and Bel(=H) = 0
(see figure 14) ; '

<«——— belief against the h{fpothesis |

1 0
0.5 ‘
— Bel(H) = a —*
«—— PiH)=1 >
0 1

belief in a hypothesis——»

Figure 14: belief interval for mihaddisin

Their behaviour was rational i.e., they were neither
credulous nor incredulous. Their degree of belief ‘a’, in the
authenticity of a narration was greater than 50% and was
closed to 1 in most of the cases. Their degree of belief
against the authenticity of the narration was almost zero and
their ignorance ‘l-a’ was also very closed to zero.
Moreover, as they acquired authentic evidence, so their
degree of belief approached to sound assurance.

11. Decision based on Evidence

In the previous section, the use of Dempster-Shafer
theory of evidence and the Dempster’s rule of combination
enable us at the first step to get different alternatives of
beliefs, after receiving some evidence. These approaches
allow the narrowing and revision of such beliefs in the light
of more evidence, but suppose after reaching at the current
situation, our goal is now only to decide what to accept
among the two alternatives {miis ‘tahab} and {makrooh}.
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Although,. our initial goal was to investigate whether the
~deed 1s'-miibah, miis tahab, or makrookh, which can be
‘achleved after receiving some more evidence. The sets
- {miis z‘ahab} and " {makrooh} are the only two among the

different alternatives, which are singleton. Since from the .

‘previous section, it can be observed that:

(1) Bel({ makrooh }) > Bel({ miis ‘tahab }) and,
(2) Bel({not makrooh }) = Bel({ not miis tahab }) = 0.

Moreover, Bel(makrooh) > 50%, therefore it can be
concluded that the deed is more likely to be makrooh
In general, if there is:

(1) insufficient evidence for both X and Y, ie, 0 <
Bel(X) < 0.5 and 0 < Bel(Y) <0.5,
then neither X will be accepted nor Y.

(2) sufficient evidence for either X or Y, i.e., either
(1) 0<Bel(X)<0.5and 0.5 <Bel(Y) <1, or
(i)  0<Bel(Y)<0.5and 0.5 <Bel(X) <1,
then the proposition having sufficient evidence will
be accepted.

(3) 50 % evidence for both X and Y, i.e., Bel(X) =
Bel(Y)=0.5 and evidence against X and Y are
different, then the hypothesis, against which the
evidence is lesser will be accepted.

(4) 50 % evidence for both X and Y, i.e., Bel(X) =

Bel(Y)=0.5 and evidence against both are same, i.e.,
Bel(~X) = Bel(~Y) and if
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(4 D

(4.2)

‘one of the hypotheses 18 rnakrooh then the

_hypothesis makrooh will be
" accepted.

one of the hypotheses 1s mubah and the '
other one is miis tahab, then the hypoth<:31s :
miis tahab will be accepted.
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Glossary

akhliq: ethics
a‘mal: plural of amal
* amal: conduct
‘aqd’id: plural of ‘agidah
‘aqidah: faith
“baft ‘-fil-e‘tigad: incredulous

biitoo ‘~iil-e‘tiqadr: incredulity

daltl-e-qat‘T: definitive evidence

dalil-e-zannT: conjectural or presumptive evidence
Jard: obligatory

ghair-haram: lawful

ghair-ikh 'tiari: out of control
ghair-muttafaq-un- alaih: antonym of muttafaq-un-alaih
haram: unlawful

‘ihadat: plural of ‘ibadat

‘thddat: worship

ikh frar?: under control
Jjehl-e-mirak 'kab: gross ignorance
makroofi-e-tahrimi: unallowable
makrooh-e-tanzthi: abominable

mii‘amalat: plural of mii‘amalah

mii‘@malalh: deal

mii‘asharat: way of living

mitb@h: permissible

miis tahab: desirable

sarf ‘-il-e‘tiqad: credulous

shak: doubt

sir‘at-fil-e ‘tigadr: credulity

tajassiis: curiousity

takhay yal: imagination

taqlid: conformity

wahm: hallucination
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¢

witjib: unavoidable
yagin-e-kazib: see jehl-e-murak’kab -
yaqin-e-sidiq: sound assurance’
zann: presumption '
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